Exact expressions in terms of Bessel functions are found for some of the diffraction catastrophe integrals that decorate caustics in optics and mechanics. These are the axial and focal-plane sections of the elliptic and hyperbolic umbilic diffraction catastrophes, and symmetric elliptic and hyperbolic unfoldings of the X 9 diffraction catastrophes. These representations reveal unexpected relations between the integrals.
Introduction
In optics and mechanics, caustics are described mathematically by the singularities of catastrophe theory [1] , and decorated by interference patterns that have been extensively studied not only numerically but also experimentally [2] [3] [4] [5] [6] [7] (for example in the optics of liquid-droplet lenses). These are the diffraction catastrophes [8] , described mathematically by oscillatory integrals. They form a hierarchy, of which the first member is the Airy function [9, 10] , expressible in terms of the more familiar Bessel functions [11] : Beyond the Airy function, higher diffraction catastrophes form a new class of special functions [12] . Current knowledge of them is summarised in chapter 36 of the recently-released Digital Library of Mathematical Functions [13] . The functions have applications throughout wave physics, and form the skeletons of uniform asymptotic approximations. The full unfoldings of diffraction catastrophes cannot be expressed in more elementary terms. However, special sections of some higher catastrophes, important because they correspond to geometric symmetries, can be expressed in terms of Bessel functions, and our purpose here is to demonstrate this. Such reduction to known functions is useful, not only to get analytical insight into the structure of the diffraction patterns but also to supplement numerical computations, which for these oscillatory integrals become unstable or time-consuming far from the most singular points. The formulas we present here can be regarded as supplementing those assembled in chapter 36 of [13] .
The possibility of simplification was suggested by a known relation for the Pearcey function [14] 2 (x, z) = ∞ −∞ ds exp{i(s 4 + zs 2 + xs)} (1.2) that decorates the cusp caustic: on the symmetry axis x = 0,
The singularities whose special sections we discuss here depend on three parameters x, y, z. These are the elliptic umbilic [6, 8] 
the hyperbolic umbilic [5] H 5) and their counterparts in the symmetrical partial unfoldings of the codimension-9 singularity X 9 :
and
(1.7) Figure 1 shows the caustic surfaces of the four singularities. These and other diffraction catastrophes have been extensively explored experimentally [3] . We will study E , H , X E and X H along the symmetry axis (0, 0, z) (section 2) and in the focal plane (x, y, 0) (section 3). For clarity, we present the results in the main text and outline the derivations of the axial formulas of section 2 in appendix A, and the focal-plane formulas of section 3 in appendix B.
There are alternative symmetric hyperbolic unfoldings of X 9 , obtained by replacing uv by
; we do not study these further, because for all x, y, z the integrals factorise into products of Pearcey functions (1.2). There is some overlap between the description of caustics in terms of catastrophe theory, which lists the singularities that are stable under perturbation, and the classical theory of wavefront aberrations The connection was established long ago [2] , and we do not revisit it here.
Axial integrals
For the elliptic umbilic (1.4), the z axis lies within the trumpet-shaped caustic surface [6] (bifurcation set) (figure 1(a)), whose three sheets coincide at the focal point z = 0. On the axis,
The second equality results from expressing the integral over the s, t plane in polar coordinates. The third equality is the new result; the extension to z < 0 follows from the symmetry E (x, y, −z) = * E (x, y, −z) (equation (3.2.24 of [13] ). Away from the focus, elementary Bessel asymptotics gives
as illustrated in figure 2(a). The bifurcation set of the hyperbolic umbilic is very different: the z axis lies between the smooth and cusped caustic sheets ( figure 1(b) ). Therefore it is surprising that the axial diffraction is essentially the same as (2.2):
Here the second equality follows from the first after evaluating the s integral. The third equality is the new result; the extension to z < 0 follows from the symmetry
2.24 of [13] ). The fourth equality, also new, is the explicit relation to the axial elliptic umbilic. This unexpected connection was suggested by numerical calculations, after which we demonstrated it analytically.
For the elliptic partial unfolding (1.6) of X 9 , the z axis also lies within a trumpet-shaped caustic surface [7] (bifurcation set) ( figure 1(c) ), with four sheets (rather than three as in the elliptic umbilic) coinciding at the focal point z = 0. On the axis,
The second equality results from expressing the integral over the s, t plane in polar coordinates and replacing the radial coordinate by its square root, and the third equality is the new result.
Away from the focus, elementary Bessel asymptotics gives
as illustrated in figure 2(b) . For the hyperbolic partial unfolding (1.7) of X 9 , whose bifurcation set is illustrated in figure 1(d) , the axial diffraction catastrophe is
The second equality follows from expressing the integration over an octant in the s, t plane in hyperbolic coordinates u, v, and the third equality from evaluating the v integral and the replacement u 4 = iρ 2 . The fourth equality is the new result, and the fifth is the explicit connection with the axial elliptic X 9 formula (2.4).
Focal-plane integrals
The explicit expression for the elliptic umbilic (1.4) in the focal plane was found long ago [6, 8] , in terms of the Airy and associated Bi functions:
Re Ai x + iy 12 1/3 Bi
For later reference, it is convenient to give an alternative expression in terms of the 'one-sided Airy function'
(also expressible as the Scorer function Gi(t) [11, 13] , and easy to evaluate numerically by rotating the integration contour). Defining
the representation is
For the hyperbolic umbilic (1.5) in the focal plane, the first integral in (1.5) separates trivially, giving Away from the focal plane, E (x, y, z) and H (x, y, z) can be represented as convergent power series in z, given in section 36.8 of [13] .
For the elliptic unfolding of X 9 in the focal plane (equation (1.6) with z = 0), we need the 'one-sided Pearcey function', analogous to (3.2), namely
which is easy to evaluate numerically, even for complex t, by rotating the integration contour.
With the definitions
the analogue of (3.4) is
This focal-plane pattern is illustrated in figure 3 . Away from the focal point x = y = 0, X E (x, y, 0) can be conveniently approximated by the method of stationary phase applied to (1.6): Except for the divergence at the focus r = 0, this reproduces the intensity pattern in figure 2 (a) very well, and generates a phase pattern indistinguishable from figure 2(b) . A further extension, in the form of a stationary-phase formula for finite z, has been published already [7] . Away from the focal plane, we can also use the following new convergent power series in z, analogous to results in section 36.8 of [13] for E and involving the definitions (3.6) and (3.7):
where
and with coefficients generated recursively by
For the hyperbolic unfolding of X 9 in the focal plane, the first integral in (1.7) separates when z = 0, giving the following expression as a product of sections of Pearcey functions, perpendicular to the symmetry axis and passing through the focus:
This is illustrated in figure 4 .
Away from the focal plane, we can use a new convergent power series in z, analogous to results in section 36.8 of [13] for H and involving the definitions
The series is
in which
with coefficients generated recursively by
Concluding remarks
It is tempting to speculate that the diffraction catastrophe sections studied here are not the only ones that can be expressed in terms of Bessel functions. For example, we might envisage that the pattern in (1.1) and (1.3) might extend to higher cuspoids, in the form of the sections
for n > 2, but this does not seem to be the case. We have explored the case n = 3 (swallowtail section) in some detail. Some of the oscillatory behaviour can be captured in terms of the Bessel functions J ±1/5 , but it seems that features associated with the degenerate critical point at s = 0 cannot be so represented. where equation (10.9.10) of [13] has been used to identify the Hankel function, and (10.4.7) to express this in terms of the Bessel functions J ±1/6 . Next, we use z → z exp(iπ ) and the Bessel continuation formula (10.11.1) of [13] , to get
The desired last line of (2.1) now follows from (A.1) after elementary algebra. Now we derive the expressions in the last two lines of (2.3), for the axial hyperbolic umbilic, starting from formula (36.2.8) of [13] . This involves a variable u, and a path from u = ∞ exp(5iπ/12) via u = 0 to u = ∞ exp(iπ/12). Writing the integrals separately, and transforming the path from u = ∞ exp(5iπ/12) to u = 0 by changing the variable to u = iv, we get 
